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De�nition of routing problem

Routing = multicommo dit y 
o w + latency functions

I directed(multi)graph G = (V ; E)
I source-sinkpairssi , t i

I tra�c ratesri � 0 s.t.
P

ri = 1
I latencyfunctions`e(�), e 2 E
I 
o w on edgee is denotedby fe

I latencyon edgee is `e(fe)

global objective

minimizeaveragelatencyC =
X

e2 E

fe � `e(fe)
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Pigou'sExample

Assumer = r1 = 1.
Then optimal solution is

x

f  = 1/2

f  = 1/2

2

1

s1 1t

1

C = f1 � `1(f1) + f2 � `2(f2) = 3
4 .
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Pigou'sExample

Assumer = r1 = 1.
Then optimal solution is

x

f  = 1/2

f  = 1/2

2

1

s1 1t

1

C = f1 � `1(f1) + f2 � `2(f2) = 3
4 .

But 
o w on edge2 is envious.
Movesonto edge1.

x
f  = 1

s1 1t

1

1

Now C = 1.
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Braessparadox

Optimal Flow:

x

x
s t

1

1

C = 3
2 .
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Braessparadox

Optimal Flow:

x

x
s t

1

1

C = 3
2 .

Build a newroad.

x

x
s t

1

1
0
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Optimal Flow:

x

x
s t

1

1

C = 3
2 .

Build a newroad.

x

x
s t

1

1
0

Now C = 2.
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Sel�sh 
o w - intuition

I sel�sh 
o w = routesof manynoncooperative,sel�sh agents
I 
o w is at Nashequilibrium if no agentcan improve its latency

by changingits path

Motivating Examples:

I cars in a highway system
I packets in a network at steadystate
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Sel�sh 
o w - formal de�nition of equilibrium

I For commodity i 2 f 1; : : : ; kg, let P i denotethe set of paths
from si to t i .

I For a path P and a 
o w f , de�ne `P (f ) =
P

e2 P `e(f ).
I For a path P, let fP denotethe 
o w alongP.
I A 
o w f is at Nashequilibrium if for all i 2 f 1; : : : ; kg and

everyP1; P2 2 Pi and � 2 (0; fP1], we have`P1(f ) � `P2(f
0),

where

f 0
P =

8
<

:

fP � � if P = P1

fP + � if P = P2

fP else
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Priceof anarchy

What is the ratio betweenNashcost and optimal cost?

Theorem 1 [Roughgarden & Tardos,2000]
For linear latencyfunctionsthe cost of a Nash
o w is at most 4

3
times that of the optimal cost.

Theorem 2 [Roughgarden & Tardos,2000]
Suppose

I the latencyfunctionsare continuousand non-decreasing,and
I the cost functionsCe(f ) = f � `e(f ) are convex.

Then the cost of a Nash
o w with rate r is at most the optimal
cost for rates2r .
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Characterizationof optimal 
o w

I Flow problemcan be described by convexprogramwith
convexobjectivefunction:

Minimize
P

e2 E fe � `e(fe)
subjectto:

8i
P

P2P i
fP = ri

8e fe =
P

P:e2 P fP
8P fP � 0

I Thus, local optimum = globaloptimum.
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Characterizationof optimal 
o w

Lemma: A 
o w f is optimal if and only if for eachsource-sinkpair
i and paths P1; P2 2 Pi with fP1 > 0,

X

e2 P1

C0
e(fe) �

X

e2 P2

C0
e(fe) :
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Characterizationof Nash
o w

Lemma: [Wardrop's Principle]
A 
o w f is in Nashequilibrium if and only if for eachsource-sink
pair i and pathsP1; P2 2 Pi with fP1 > 0,

X

e2 P1

`e(fe) �
X

e2 P2

`e(fe) :
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Consequencesfor Linear LatencyFunctions

Suppose`e(x) = aex + be.

Characterizationof Nash
o w f :
X

e2 P1

aefe + be �
X

e2 P2

aefe + be

Ce(x) = aex2 + bex, C0
e(x) = 2aex + be.

Characterizationof optimal 
o w f � :
X

e2 P1

2aef �
e + be �

X

e2 P2

2aef �
e + be
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Corollary 1: Supposebe = 0, for everye 2 E. Then

Nash
o w f = optimal 
o w f � :

Corollary 2: The Nash
o w f =2 is optimal for ratesr i =2.
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Applying Corollary 2 gives

C(f � ) � C
�

f
2

�

=
X

e

ae

�
fe
2

� 2

+ be
fe
2

�
1
4

X

e

aef 2
e + befe

=
1
4

C(f )

Thus C(f ) � 4C(f � ).
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Makespanscheduling

I m serverswith bandwidthsb1 � b2 � � � � � bm

I n taskswith weightsw1; : : : ; wn shouldbe assignedto servers
I decisionvariablesx j

i = 1 if i ! j , else0
I cost of serverj

Cj =
X

i 2 [n]

wi � x j
i

bj

I globalobjective: minimizemakespan

C = max
j 2 [m]

Cj
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A routing gamebasedon makespanscheduling
[Koutsoupias& Papadimitriou,1999]

I everytask is managedby a sel�sh agent

I mixedstrategy: probability distribution, pj
i = Pr

h
x j

i = 1
i

I expectedcost of serverj

E [Cj ] =
X

i 2 [n]

wi � pj
i

bj

I everyagentaimsto minimizeits expectedcost
I expectedcost of task i on serverj

cj
i = E
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i
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P
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Cost of mixed allocation

C = E
�

max
j 2 [m]

Cj

�

Nash equilibrium
Allocation is in Nashequilibrium if

pj
i > 0 ) 8k 2 [m] : cj

i � ck
i

Coordination ratio

R = max
X is Nash allocation

C(X)
opt
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Easylower bounds{ two servers

R � 3
2

Example:2 servers,2 tasks,b1 = b2 = w1 = w2 = 1

opt = 1 C = 1 � 1
2 + 2 � 1

2 = 3
2
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Easylower bounds{ m identicalservers

R = 

�

log m
log log m

�

Example:
I n = m tasks
I all bandwidthsand weightsequalto one
I onetask for eachservergivesopt = 1
I fully mixedNashassignment:pj

i = 1
m , for i 2 [n]; m 2 [m],

givesC = �
�

log m
log log m

�

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Wardrop's Tra�c Mo del
Discrete and Atomic Mo dels

Resultson the coordinationratio

identical servers generalmodel

pure 2 � 1
m �

�
log m

log log m

�

mixed �
�

log m
log log m

�
�

�
log m

log log log m

�

[Koutsoupias& Papadimitriou,1999]
[Mavronicolas& Spirakis,2001]

[Czumaj& V•ocking,2002]
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Proof of upper boundfor purestrategies

I Fix an arbitrary pure Nashequilibrium.
I Supposethe maximumcost overall serversis r � opt, for r � 1.
I To simplify notation, assumer is integral.

We needto show: r = O
�

log m
log log m

�
.

I Recallb1 � b2 � � � � � bm.
I For 0 � k � r � 1, de�ne group Gk to be the maximum

length pre�x of serverswith cost � k � opt.
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De�nition of groups

r-3G

G r-2

r-4G

G r-1

r-1

r
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We will prove the following recurrence

jGk j � (k + 1) jGk+1 j , for 0 � k � r � 2

jGr � 1j � 1 :

As a consequence,

m = jG0j � (r � 1)! = �( r )

Solvingfor r gives

r � � � 1(m) = O
�

logm
loglogm

�
:
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First, let us prove jGr � 1j � 1

r�3G

G r�2

r�4G

G r�1

r�1

r
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I For contradiction,assumejGr � 1j = 0, that is, server1 has
cost lessthan (r � 1)opt.

I Let i 2 [n] be a task placedon the serverwith maximumcost,
that is, task i hascost r in the Nashequilibrium.

I Moving i to server1 givescost lessthan

(r � 1)opt +
wi

b1
� (r � 1)opt + opt � r � opt :

I This contradictsthe Nashequilibrium assumption.
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It remainsto show jGk j � (k + 1) jGk+1 j, for 0 � k � r � 2.

Gk+1 Gk

k�1

k

k+1
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Gk+1 Gk

k�1

k

k+1

server q

all tasksin Gk+1 haveweight larger than bq � opt

) OPT must give thesetasksto serverswith speed> bq

) OPT needsto assignthesetasksto serversin Gk

) jGk j � (k + 1) jGk+1 j.
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Constructionof lower bound

speed 2 22

...    ...

Nash Equilibrium for r machines

jobs
r�1

r�2
jobs

of
size
2

r

jobs
of
size
2

of
size
2

r

r�1

r�2

r�1 r�2r

one
job
of
size
one

1
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Constructionof lower bound

2 2 2 2speed 2

r times

...
...

r(r�1)
times
...

Replicate machines and their jobs in such a way that opt = O(1).

r�1
jobs
of
size
2r�1

r�1

r�1
jobs
of
size
2r�1

r�1

r�2
jobs
of
size
2r�2

r�2

r�2
jobs
of
size
2r�2

r�2

jobs
of
size
2

r

r

r
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Other latencyfunctions

Theorem (Krysta, Czmuaj,V•ocking,2002)
The coordination ratio for the servergamecan be bounded
polynomiallyin m if and only if the latencyfunctionssatisfy

9� � 1 : 8� > 0 : `(2 � ) � � � `(� ) :

Otherwisethe coordination ratio is unbounded.

bounded unbounded

linear functions exponential functions
polynomialfunctions queueingfunctions

Erlangloss
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Discreteandatomic routing gamesin networks

I Price of anarchy for unweightedgameswith linear latency
functionsis 2.5

I Price of anarchy for weightedgameswith linear latency
functionsis 2.618

I If latencyfunctionsare polynomialsof degreed then the price
of anarchy is O(dd).

I Resultshold for atomic and non-atomicgames.

[Awerbuch,Azar, Epstein,unpublishedwork]
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De�nition and Classi�cation
Relationship to Potential Games
Relationship to Wardrop's tra�c model

CongestionGames

Notation:
I number of agentsis denotedby n
I �nite set of resources,edgesE
I strategyspaceof player i is Si � 2E

I latencyfunction for edgee 2 E is `e : [n] ! N

Subclasses:
I network congestiongames
I symmetriccongestiongames(identical strategyspaces)
I single-choicecongestiongames(like parallel links)
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A symmetricnetwork congestiongame

4,6,7

2,3,6

1,2,8

2,3,5

2,3,5

s t
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CongestionGames

Generalizations:
I weightedcongestiongames
I subjectivecongestiongames

Studied variants:
I servergame= weightedsingle-choicegame
I crowding game= subjectivesingle-choicecongestiongame
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Congestiongames{ pureequilibria

Theorem: (Rosenthal1973)
Everycongestiongameadmits a pure Nashequilibrium.

The theorem follows by a nice potential function argument:

� (s) =
X

e2 E

n(e;s)X

i =1

`e(i )
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4,6,7

2,3,6

1,2,8

2,3,5

2,3,5

s t
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Complexity issues:

I Potential function directly impliesa pseudopolynomial
algorithm for congestiongames.

I There is a polynomialtime algorithm for computingpure
equilibria in symmetricnetwork congestiongames.

I Computingpure equilibria for more generalvariants is
PLS-complete.

[Fabrikant, Papadimitriou,Talwar 2004]
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PLS(PolynomialLocal Search)

Problems in PLS:
I optimization problem� with neighborhood �
I for everysolutions, �( s) denotesneighborhood of s
I neibhorhood can be

"
evaluatedin polynomialtime\

I objective: �nd local optimum wrt �

PLS reductions:
I Giventwo PLS problems� 1 and � 2 �nd
I poly-time mappingof an instanceof � 1 to an instanceof � 2

I suchthat local optima are preserved.
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NAE-SAT (Not-All-Equal-SAT)

I Input: A list of 3-clausesc1; : : : ; cm, ci = (x1
i ; x2

i ; x3
i ), only

positite literals, eachof which havinga weight wi

I Objective: Maximizethe weightednumber of clausesin
which not all literals havethe samevalue

I Neibhorhood: Flips of singlevariables.

Theorem: NAE-SAT is PLS-complete.
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Hardnessof computingequilibria

Theorem: Finding a Nashequilibrium in a generalcongestion
gameis PLS-complete.

Proof idea: Reductionfrom NAE-SAT.
I Agentscorrespond to variables.
I For eachclauseci spent two resourcesei (0) and ei (1).
I All latencyfunctionsare of the form (0; 0; wi ).
I An agentwhosevariable is containedin ci usesei (0) if the

variable hasvalue0, otherwiseei (1).

This is a one-to-onemappingbetweenthe solution spaces.
Agent improvesits latency, agent improvesNAE value.
Thus, Nashequilibrium = local optimum of NAE.
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Someopen problems

I Find an e�cient algorithm for computinga
(1 + � )-approximate equilibrium, i.e., no agentcan improve its
latencyby a factor of more than (1 + � ).

I Show existenceof a polynomiallength local improvementpath
leadingto a (1 + � )-approximate equilibrium.

I Find a simple(randomized)processthat quickly convergesto
a (1 + � )-approximate equilibrium.
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Relationshipto Wardrop'stra�c model

I Wardrop's tra�c model is a continuousvariant of a network
congestiongame.

I Samekind of potential function

� (f ) =
X

e2 E

Z f (e)

0
`e(s)ds

ensuresexistenceand essentialuniquenessof equilibria via
convexprogramming.
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Critical thoughts

I We studiedlarge networks usinggametheory.
I Our resultsare mainly concernedwith propertiesof equilibria.
I Theseequilibria are basedon fundamentalgametheoretic

assumptionslike unboundedrationality and full knowledge.

Both of theseassumptionscannot be justi�ed whenconsidering
large networks like the Internet.

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Evolutionary gametheory

I Supposea symmetrictwo player gameis played by a large
population.

I Di�erent playersare pairedup at randomoverand overagain.
I Examplesfor di�erent behavioral models:

I Success-driven:At a �xed rate eachplayer selectsanother
player at random,and switchesto other player's strategywith
probability proportional to other player's payo�.

I Disappointment-driven:The smallerthe payo� of a player, the
faster sheswitchesto the strategyof anotherrandomly
selectedplayer. W.l.o.g., the rate at which playersmigrate
decreaseslinear in their payo�.
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The replicator dynamics

I We model the dynamicsof the populationvector x(t ) in a
so-called
uid limit model.

I Both suggestedbehavorial models(and others) leadto the
samekind of dynamics!

_xi = � (x) � xi � ((Ax) i � x � Ax)
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Example:Paper-Scissors-Stone

A =

2

4
1 2 0
0 1 2
2 0 1

3

5

Stone

Scissors0
0,2

Paper 0,40
0

0,2

0,2 0,6

0,4

0,4

0,6

0,6 0,8

0,8

0,8

1

1
1

I Whereis the Nash
equilibrium? What
shouldoneexpect?

I Stableorbit for the
standard case

I Convergentfor � > 0
I Divergentfor � < 0
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The replicator dynamics

_xi = xi � � (x)(( Ax) i � x � Ax)
| {z }

=: gi (x)

Desirableproperties:
I payo� monotonicity: (Ax) i > (Ax) j , gi (x) > gj (x)
I aggregatemonotonicity: y � Ax > z � Ax , y � g(x) > z � g(x)

Any aggregatemonotonedynamicscan be representedin form of
the replicator dynamics!
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The replicator dynamics

_xi = xi � � (x)(( Ax) i � x � Ax)
| {z }

=: gi (x)

Further observations:
I Replicator dynamicsdo not discoverinitially unusedstrategies.
I A strategythat is initially in the support will neverdie out

completely.

In the following, we assumethat all strategiesare in the initial sup-
port and, hence,belongto the support at any time.
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Evolutionary stability

De�nition (evolutionary stable)
A strategyx is evolutionary stableif for any other strategyy 6= x
there existsan � > 0 suchthat for w = � y + (1 � � )x it holds

xAw > yAw :

Proposition
A strategyx is evolutionary stableif there exists� > 0 suchthat
for everyy with jjy � xjj � � it holds

xAw > yAw :
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Theorem (Taylor andJonker, 1987)
Evolutionary stability impliesasymptoticstability in the local sense,
that is, starting closeat a Nashequilibrium, the replicatior
dynamicsconvergestowards the Nashequilibrium.

Proof by Luapunovmethod.
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Sel�sh routing andevolutionary gametheory

Single commodit y 
o w { symmetric games:
I Everystrategycorrespondsto a path p 2 P
I Payo� correspondsto negativelatency� `p(x)
I Averagelatencyis denotedby �̀ (x)

Behavioral model: Supposeagentschangetheir strategyat a rate
proportional to their latency, and adopt the strategyof another
randomlyselectdplayer.

This resultsin the following network dynamics:

_xp = � (x) � xp � ( �̀ (x) � `p(x)) :
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Let us assumestrictly increasinglatencyfunctions.
Then there is a uniqueWardrop equilibrium x� .

Lemma
For everyy 6= x� , it holdsx� � `(y) < y � `(y).

Corollary
The Wardrop equilibrium is evolutionary stable.
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Proof of Lemma:
I In a Wardrop equilibrium x, all latenciesof usedpathsare

equal,implying x � `(x) � y � `(x) and, hence,

y � `(y) � y � `(y) + x � `(x) � y � `(x)

= x � `(x) + y � (`(y) � `(x))

= x � `(x) +
X

e2 E

ye(`e(y) � `e(x)) :

I For eachedgee ye(`e(y) � `e(x)) � xe(`e(y) � `e(x)), at
leastoncewith strict inequality.

I Thus, y � `(y) > x � `(x) +
X

e2 E

xe(`e(y) � `e(x)) = x � `(y):
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The lemmaimpliesasymptoticalstability in the global sense.

Theorem
The networks dynamicsconvergeto the Wardrop equilibrium x�

starting from any point of the interior of the simplex.
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Proof by Luapunovmethod

I As Luapunovfunction userelativeentropy

Hx� (y) :=
X

i

x�
i ln

x�
i

yi

I Entropy is continuousand di�erentiable.
I Hx� (x� ) = 0 and Hx� (y) > 0, for all y 6= x� .
I Derivativeis _Hx� (y) = �

P
i x�

i
_yi
yi

.
I Substituting the replicator dynamicsyieldsthe continuous

function _Hx� (y) = � (y) � (x� � y) � `(y).
I Our lemmashows that this term is negative.

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethod

I As Luapunovfunction userelativeentropy

Hx� (y) :=
X

i

x�
i ln

x�
i

yi

I Entropy is continuousand di�erentiable.
I Hx� (x� ) = 0 and Hx� (y) > 0, for all y 6= x� .
I Derivativeis _Hx� (y) = �

P
i x�

i
_yi
yi

.
I Substituting the replicator dynamicsyieldsthe continuous

function _Hx� (y) = � (y) � (x� � y) � `(y).
I Our lemmashows that this term is negative.

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethod

I As Luapunovfunction userelativeentropy

Hx� (y) :=
X

i

x�
i ln

x�
i

yi

I Entropy is continuousand di�erentiable.
I Hx� (x� ) = 0 and Hx� (y) > 0, for all y 6= x� .
I Derivativeis _Hx� (y) = �

P
i x�

i
_yi
yi

.
I Substituting the replicator dynamicsyieldsthe continuous

function _Hx� (y) = � (y) � (x� � y) � `(y).
I Our lemmashows that this term is negative.

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethod

I As Luapunovfunction userelativeentropy

Hx� (y) :=
X

i

x�
i ln

x�
i

yi

I Entropy is continuousand di�erentiable.
I Hx� (x� ) = 0 and Hx� (y) > 0, for all y 6= x� .
I Derivativeis _Hx� (y) = �

P
i x�

i
_yi
yi

.
I Substituting the replicator dynamicsyieldsthe continuous

function _Hx� (y) = � (y) � (x� � y) � `(y).
I Our lemmashows that this term is negative.

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethod

I As Luapunovfunction userelativeentropy

Hx� (y) :=
X

i

x�
i ln

x�
i

yi

I Entropy is continuousand di�erentiable.
I Hx� (x� ) = 0 and Hx� (y) > 0, for all y 6= x� .
I Derivativeis _Hx� (y) = �

P
i x�

i
_yi
yi

.
I Substituting the replicator dynamicsyieldsthe continuous

function _Hx� (y) = � (y) � (x� � y) � `(y).
I Our lemmashows that this term is negative.

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethod

I As Luapunovfunction userelativeentropy

Hx� (y) :=
X

i

x�
i ln

x�
i

yi

I Entropy is continuousand di�erentiable.
I Hx� (x� ) = 0 and Hx� (y) > 0, for all y 6= x� .
I Derivativeis _Hx� (y) = �

P
i x�

i
_yi
yi

.
I Substituting the replicator dynamicsyieldsthe continuous

function _Hx� (y) = � (y) � (x� � y) � `(y).
I Our lemmashows that this term is negative.

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Multicommo dit y Flow { Asymmetric Games

Recall: P = P1 _[P 2 _[ � � � _[P k

De�nition (AsymmetricNetwork dynamics)
For p 2 Pi , set _xp = � i (x) � xp � ( �̀ i (x) � `p(x)).

Entropy argument works only if we assumethat the dynamicsfor
all commodities behavein exactly the sameway, that is, if the
leading� -factors are identical for all commodities.

However,there is a Luapunovfunction that yieldsconvergencealso
for heterogenousmix of dynamics.
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Luapunovmethod basedon Rosenthalspotential function

�( x) :=

 
X

e2 E

Z xe

0
`e(s) ds

!

I Calculatederivativeand plug in replicator dynamics:

_� =
X

i

� i (x)

0

@�̀ i (x)2 �
X

p2P i

xp`p(x)2

1

A

I This derivativeis negativebecauseof Jensen'sinequality,
unlessx satis�es the Wardrop equilibrium property.
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Analyzingthe time of convergence

Supposeeveryplayer relatesits latencyto the averagelatency
within eachcommodity, and switchesher strategyat a rate
proportional to the ratio betweenher own latencyand the average
latency.

This givesthe following variant of the network dynamics.

_xp = xp �
�̀ i (x) � `p(x)

�̀ i (x)

How long doesit take to comecloseto equilibrium?
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Approximateequilibria

I Needto de�ne right notion of \approximate equilibrium".
I Euclidiandistancenot suitablehereas very poor strategies,

i.e., very slow paths, will neverdie out completely.

De�nition (relaxed(1 + � )-equilibrium)
A network gameis in a relaxed(1 + � )-equilibrium if lessthan an
� -fraction of the 
o w usespathswith latencylarger than (1 + � ) � �̀ .

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Approximateequilibria

I Needto de�ne right notion of \approximate equilibrium".
I Euclidiandistancenot suitablehereas very poor strategies,

i.e., very slow paths, will neverdie out completely.

De�nition (relaxed(1 + � )-equilibrium)
A network gameis in a relaxed(1 + � )-equilibrium if lessthan an
� -fraction of the 
o w usespathswith latencylarger than (1 + � ) � �̀ .

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Approximateequilibria

I Needto de�ne right notion of \approximate equilibrium".
I Euclidiandistancenot suitablehereas very poor strategies,

i.e., very slow paths, will neverdie out completely.

De�nition (relaxed(1 + � )-equilibrium)
A network gameis in a relaxed(1 + � )-equilibrium if lessthan an
� -fraction of the 
o w usespathswith latencylarger than (1 + � ) � �̀ .

Berthold V•ocking Sel�sh Routing and Congestion Games



Sel�sh Routing and the Price of Anarchy
Congestion and Crowding Games

On the Evolution of Sel�sh Routing
Summary

Evolutionary Game Theory
Stabilit y of Symmetric Routing Games
Stabilit y of Asymmetric Routing Games
Time of Convergence

Boundson the time of convergence

Starting from any point of the simplexthe network dynamics
reachesa relaxed(1 + � )-equilibrium in time

I O(� � 3 � ln(`max=`� )), for symmetricgameson generalnetworks
I O(� � 3 � `max=`� ), for asymmetricgameson generalnetworks

There is a symmetricgameon parallel links in which the time to
reachan n � -equilibrium is 
( � � 2 � ln(`max=`� )).
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Summary

I di�erent modelsfor sel�sh routing
I Wardrop's continuoustra�c model
I discreteservergame

I price of anarchy
I almost independentof the network structure
I heaviliydependingon the classof latencyfunctions

I congestiongames
I local improvementstepsleadto pure Nashequilibria
I symmetricnetwork gamessolvablevia min-cost 
o w
I other variants are PLS-complete

I evolutionary games
I adaptionto sel�sh routing (joint work with SimonFischer)
I evolutionary stability impliesasymptoticstability
I very fast convergencein caseof symmetricgames
I fast convergencefor asymmetricgames
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Thanks...
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