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De nition of routing problem

Routing = multicommo dity ow + latency functions
I directed(multi)graph G = (V; E)
| source-sinkpairs s, t;
I trac ratesr; Os.t. =1
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Wardrop's Trac Model
Discrete and Atomic Mo dels

De nition of routing problem

Routing = multicommo dity ow + latency functions
I directed(multi)graph G = (V; E)
| source-sinkpairs s, t;
I trac ratesr; Os.t. n=1
I latencyfunctions (), € 2 E
I ow on edgee is denotedby fe
I latencyon edgee is "¢(fe)

global objective

X
minimizeaveragelatencyC = fe “e(fe)
e2E
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Pigou'sExample

Assumer = rp = 1.
Then optimal solutionis

f,=1/2

f2: 1/2

C= f]_ ‘1(f1)+ f2 ‘2(f2) = %
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Wardrop's Trac Model
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Pigou'sExample

Assumer = rp = 1.

. L But ow on edge2 is envious.
Then optimal solutionis

Movesonto edgel.

f,=1/2

(&) () &) o)

f2: 1/2

C=f “y(f)+ 2 “of2) = 2. Now € = 1.
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Braessparad

Optimal Flow:
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Braessparad

Optimal Flow: Build a newroad.
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Braessparad

Optimal Flow: Build a newroad.
X OX X 1
0
\

c=3 Now C = 2.
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Sel sh ow - intuition

I sel sh ow = routesof many noncmperative, sel sh agents

I ow is at Nashequilitrium if no agentcanimproveits latency
by changingits path
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Sel sh ow - intuition

I sel sh ow = routesof many noncmperative, sel sh agents

I ow is at Nashequilitrium if no agentcanimproveits latency
by changingits path

Motivating Examples:

I casin a highway system
I pacletsin a network at steadystate
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Sel sh ow - formal de nition of equililrium

I For commdlity i 2 f1;:::;kg, let P; denotethe set of paths
from s to tj.
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Sel sh ow - formal de nition of equililrium

from s to tj.
I ForapathP anda owf,dene p(f) = p e(f).
I For a path P, let fp denotethe ow alongP.
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Sel sh ow - formal de nition of equililrium

from s to tj.
I ForapathP anda owf,dene p(f) = p e(f).
I For a path P, let fp denotethe ow alongP.

everyP1;P, 2 Pj and 2 (0;fp,], we have'p,(f)  p,(f9,
where

8 .
<fp if P=Pq

fo =  fp+ fP=P;
" fp else
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Price of anachy

What is the ratio betweenNashcost and optimal cost?
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Price of anachy

What is the ratio betweenNashcost and optimal cost?
Theorem 1 [Roughgaden & Tardos, 2000]

For linea latencyfunctionsthe costof a Nash ow is at most 4
times that of the optimal cost.
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Wardrop's Trac Model
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Price of anachy

What is the ratio betweenNashcost and optimal cost?

Theorem 1 [Roughgaden & Tardos, 2000]
For linea latencyfunctionsthe costof a Nash ow is at most 4
times that of the optimal cost.

Theorem 2 [Roughgaden & Tardos, 2000]
Suppose

I the latencyfunctionsare continuousand non-decreasingand
I the costfunctionsCq(f) = f “¢(f) are convex.

Then the cost of a Nash ow with rate r is at most the optimal
cost for rates2r.
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Chaacterizationof optimal ow

I Flow problem can be descriled by convexprogramwith
convexobjectivefunction:

P
Minimize g fe "e(fe)
subjectto:

. P
8i pag, fP = Ti

8e fe= peapfp
8P fp O
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Wardrop's Trac Model
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Chaacterizationof optimal ow

I Flow problem can be descriled by convexprogramwith
convexobjectivefunction:

P
Minimize g fe "e(fe)
subjectto:

. P
8i pag, fP = Ti

8e fe= peapfp
8P fp O

I Thus, local optimum = global optimum.
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Chaacterizationof optimal ow

Lemma: A ow f isoptimalif and only if for eachsource-sinkpair
i and pathsP1; P, 2 P; with fp, > 0,

A 0 A 0
Ce(fe) Ce(fe) :
e2Pq e2P,
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Chaacterizationof Nash ow

Lemma: [Wardrop's Principle]
A owf isin Nashequilirium if and only if for eachsource-sink
pairi and pathsP1; P2 2 P; with fp, > O,
X X
“e(fe) “e(fe) -
e2Pq e2P,
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Consequencdsr Linea LatencyFunctions

Suppose ¢(X) = aX + be.

Chaacterizationof Nash ow f:
X X

aefe + be aefe + be

e2Pq e2P,
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Consequencdsr Linea LatencyFunctions

Suppose ¢(X) = aX + be.

Chaacterizationof Nash ow f:
X X

aefe + be aefe + be

e2Pq e2P,

Ce(X) = @eX? + beX, CAX) = 2aeX + be.
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Wardrop's Trac Model
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Consequencdsr Linea LatencyFunctions

Suppose ¢(X) = aX + be.

Chaacterizationof Nash ow f:
X X

aefe + be aefe + be

e2Pq e2P,

Ce(X) = @eX? + beX, CAX) = 2aeX + be.

Chaacterizationof optimal ow f

X X
2acf, + be 2acfe + be
e2P; e2P,
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Corollary 1: Supposebe = 0, for everye 2 E. Then

Nash owf = optimal ow f
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Corollary 1: Supposebe = 0, for everye 2 E. Then

Nash owf = optimal ow f

Corollary 2: The Nash ow f =2 is optimal for ratesr;=2.
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Applying Caollary 2 gives

Cf ) C -
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Applying Caollary 2 gives

C(f ) C -
X
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Wardrop's Trac Model

Discrete and Atomic Mo dels

Applying Caollary 2 gives

c(f) C fi
X fo 2 fe
= % g Thy
e
1
2 . aefez‘*'befe

Berthold Vecking Selsh Routing and Congestion Games



Sel sh Routing and the Price of Anarchy

Wardrop's Trac Model
Discrete and Atomic Mo dels

Applying Caollary 2 gives

c(f) C fi
X fo 2 fe
= % g Thy
e
1
2 aefez‘*'befe
e
1
= 2C(M)
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Applying Caollary 2 gives

f
f _
c(f) C
X fe 2 fe
= % g They
e
1
2 aefez‘*'befe
e
1
= ZC(0)
ThusC(f) 4C(f ). O
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Makespanscheduling

I m serverswith bandwidthsb; by bm
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Makespanscheduling

I m serverswith bandwidthsb; by bm
I n taskswith weightswy;:::;w, shouldbe assignedo servers
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I costof serverj _
X w x

G = b
i )
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Wardrop's Trac Model

Discrete and Atomic Mo dels

Makespanscheduling

I m serverswith bandwidthsb; by bm
I n taskswith weightswy;:::;w, shouldbe assignedo servers
| decisionvariablesx! = 1ifi! j, else0

I costof serverj _
X w x

G = b
i )

I global objective: minimize makespan

C = maxG
j2[m]
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A routing gamebasedon makespanscheduling

[Koutsoupias& Papadimitriou, 1999]
| everytask is managedby a sel sh agent
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A routing gamebasedon makespanscheduling

[Koutsoupias& Papadimitriou, 1999]
| everytask is managedby a sel sh agent h i
I mixed strategy: probability distribution,pf = Pr xij =1
I expectedcost of serverj

Elgl =~ A

2 )
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A routing gamebasedon makespanscheduling

[Koutsoupias& Papadimitriou, 1999]

| everytask is managedby a sel sh agent h i
I mixed strategy: probability distribution,pf = Pr xij =1
I expectedcost of serverj

. pl

E[G] = LT

2 )

I everyagentaimsto minimizeits expectedcost
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Wardrop's Trac Model

Discrete and Atomic Mo dels

A routing gamebasedon makespanscheduling

[Koutsoupias& Papadimitriou, 1999]

| everytask is managedby a sel sh agent h

I mixed strategy: probability distribution,p{ = Pr xij =1
I expectedcost of serverj

. pl

E[G] = LT

2 )
I everyagentaimsto minimizeits expectedcost

| expectedcost of taski on serverj

. h . [ Wi+P - Wi pj
d = EGij¥=1 = o
!
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Cost of mixed allocation

C = E maxG
j2[m]

Nash equilibrium
Allocation is in Nashequilitrium if

pb>0 ) 8k2[m]:cd ck

Coordination ratio
C(X)

X is Nash allocation Opt

R =
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Easylower bounds{ two servers

3
R 3

Example:2 servers2 tasks,b1 = b= wy = w, = 1

- =

opt=1 C

1
'_\
Nl
+
N

Nl
1
Nlw
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Easylower bounds{ m identicalservers

— logm
R= loglogm
Example:

I n= m tasks

I all bandwidthsand weightsequalto one
I onetask for eachservergivesopt = 1

I fully mixed Nashassignment:p{ = % fori 2 [n];m 2 [m],
givesC = Iog’l%g‘m
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Resultson the coordinationratio

\ | identical servers| generalmodel |

1 logm
pure 2 m loglogm
: logm logm
mixed loglogm logloglogm

[Koutsoupias& Papadimitriou, 1999]
[Mavronicolas& Spirakis,2001]
[Czumaj& Vecking,2002]
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Proof of upper boundfor purestrategies

I Fix an arbitrary pure Nashequilikrium.
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Proof of upper boundfor purestrategies

I Fix an arbitrary pure Nashequilikrium.
I Supposethe maximumcostoverall serverdsr opt, forr 1.
I To simplify notation, assumer is integral.

logm

We needto shawv: r = O foglogm
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Proof of upper boundfor purestrategies

I Fix an arbitrary pure Nashequilikrium.
I Supposethe maximumcostoverall serverdsr opt, forr 1.
I To simplify notation, assumer is integral.

logm

We needto shawv: r = O foglogm

| Recallb; by bm.
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Wardrop's Trac Model
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Proof of upper boundfor purestrategies

I Fix an arbitrary pure Nashequilikrium.
I Supposethe maximumcostoverall serverdsr opt, forr 1.
I To simplify notation, assumer is integral.

logm

We needto shawv: r = O foglogm

| Recallb; by bm.

I For0 k r 1, dene groupGg to be the maximum
length pre x of serverswith cost k opt.
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Wardrop's Trac Model
Discrete and Atomic Mo dels

De nition of groups

r

r-1

Grg
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Wardrop's Trac Model
Discrete and Atomic Mo dels

We will prove the following recurrence

iGkij (k+ 1)jGk+1j ,for0 k r 2
iGr 1j 1:

As a consequence,

m = G (r (r)

Solvingfor r gives

logm

1 _
' (m) = loglogm
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Wardrop's Trac Model
Discrete and Atomic Mo dels

First, let usprovejG 1j 1
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Discrete and Atomic Mo dels

I For contradiction,assumgG; 1j = O, that is, serverl has
costlessthan (r  1)opt.
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Wardrop's Trac Model
Discrete and Atomic Mo dels

I For contradiction,assumgG; 1j = O, that is, serverl has
costlessthan (r  1)opt.

I Leti 2 [n] be atask placedon the serverwith maximumecost,
that is, task i hascostr in the Nashequililrium.
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Wardrop's Trac Model
Discrete and Atomic Mo dels

I For contradiction,assumgG; 1j = O, that is, serverl has
costlessthan (r  1)opt.

I Leti 2 [n] be atask placedon the serverwith maximumecost,
that is, task i hascostr in the Nashequililrium.

I Movingi to serverl givescostlessthan

(r 21opt + % (r 1)opt + opt r opt :
1
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Wardrop's Trac Model
Discrete and Atomic Mo dels

I For contradiction,assumgG; 1j = O, that is, serverl has
costlessthan (r  1)opt.

I Leti 2 [n] be atask placedon the serverwith maximumecost,
that is, task i hascostr in the Nashequililrium.

I Movingi to serverl givescostlessthan
(r 21opt + % (r 1)opt + opt r opt :
1

I This contradictsthe Nashequilitrium assumption.
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Wardrop's Trac Model
Discrete and Atomic Mo dels

It remainsto shaw jG«j (k+ 1)jGk+1j,for0 k r 2.

. -

Gk+1 = Gy =
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server q

K+l -

k ----

K1----

Gi+1 Gk =]

all tasksin Gy+1 haveweight largerthan bg opt
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server q

K+l -

k ----

K1----

Gi+1 Gk =]

all tasksin Gy+1 haveweight largerthan bg opt
) OPT must givethesetasksto serverswith speed> by
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server q

K+l -

k ----

K1----

Gi+1 Gk =]

all tasksin Gy+1 haveweight largerthan bg opt
) OPT must givethesetasksto serverswith speed> by
) OPT needsto assignthesetasksto serversn Gy
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Wardrop's Trac Model
Discrete and Atomic Mo dels

server q

K+l -

k ----

K1----

Gi+1 Gk =]

all tasksin Gy+1 haveweight largerthan bg opt
) OPT must givethesetasksto serverswith speed> by
) OPT needsto assignthesetasksto serversn Gy
) 1Gd (kt 1)jGea]. O
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Wardrop's Trac Model

Discrete and Atomic Mo dels

Constructionof lower bound

Nash Equilibrium for r machines

r
jobs
of ril
size jobs r2 one
2 of jobs job
size of of
orl size size
or2 one
-
speed 2' o't 22 1
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Wardrop's Trac Model

Discrete and Atomic Mo dels

Constructionof lower bound

Replicate machines and their jobs in such a way that opt = O(1).

r
jobs
of ri ri
size jobs jobs r2 r2
2 of of jobs jobs
size size of r(r 1) of
2r 1 . 2r 1 . ) .
r tl.rnes erz 5 | times zlrz 5
speed 2" o ot 2" 2"
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Wardrop's Trac Model
Discrete and Atomic Mo dels

Other latencyfunctions

Theaem (Krysta, Czmuaj,Vecking,2002)
The coordination ratio for the servergamecan be bounded
polynomiallyin m if and only if the latencyfunctions satisfy

9 1: 8 >0: (2) YOR

Otherwisethe coordination ratio is unbounded.
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Other latencyfunctions

Theaem (Krysta, Czmuaj,Vecking,2002)
The coordination ratio for the servergamecan be bounded
polynomiallyin m if and only if the latencyfunctions satisfy

9 1: 8 >0: (2) YOR

Otherwisethe coordination ratio is unbounded.

\ bounded \ unbounded \
linea functions exponential functions

polynomialfunctions | queueingfunctions

Erlangloss

Berthold Vecking Selsh Routing and Congestion Games



Sel sh Routing and the Price of Anarchy

Wardrop's Trac Model
Discrete and Atomic Mo dels

Discreteand atomic routing gamesin networks

I Price of anachy for unweightedgameswith linea latency
functionsis 2.5

[Awerbuch,Azar, Epstein,unpublishedwork]
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Sel sh Routing and the Price of Anarchy

Wardrop's Trac Model
Discrete and Atomic Mo dels

Discreteand atomic routing gamesin networks

I Price of anachy for unweightedgameswith linea latency
functionsis 2.5

I Price of anachy for weightedgameswith linea latency
functionsis 2.618

[Awerbuch,Azar, Epstein,unpublishedwork]
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Sel sh Routing and the Price of Anarchy

Wardrop's Trac Model
Discrete and Atomic Mo dels

Discreteand atomic routing gamesin networks

I Price of anachy for unweightedgameswith linea latency
functionsis 2.5

I Price of anachy for weightedgameswith linea latency
functionsis 2.618

I If latencyfunctionsare polynomialsof degreed then the price
of anachy is O(d9).

[Awerbuch,Azar, Epstein,unpublishedwork]
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Sel sh Routing and the Price of Anarchy

Wardrop's Trac Model
Discrete and Atomic Mo dels

Discreteand atomic routing gamesin networks

I Price of anachy for unweightedgameswith linea latency
functionsis 2.5

I Price of anachy for weightedgameswith linea latency
functionsis 2.618

I If latencyfunctionsare polynomialsof degreed then the price
of anachy is O(d9).
I Resultshold for atomic and non-atomicgames.

[Awerbuch,Azar, Epstein,unpublishedwork]
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

CongestiorGames

Notation:
I number of agentsis denotedby n
I nite setof resourcesedgesE
| strategyspaceof playeri isS; 2F
I latencyfunction for edgee 2 Eis '¢:[n]! N

Subclasses:
I network congestiongames
I symmetriccongestiongames(identical strategy spaces)
I single-choicecongestiongames(like parallel links)
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

A symmetricnetwork congestiorgame

Q 2,3,6

2,3,5

(s) 1,2,8 ()

'
23,5 ()~ 467
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

CongestiorGames

Generalizations:
I weightedcongestiongames
I subjectivecongestiongames

Studied variants:
I servergame= weightedsingle-choicegame
I crowding game= subjectivesingle-choicecongestiongame
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Congestiorgames| pureequilibvia

Theorem: (Rosenthall973)
Everycongestiongameadmits a pure Nashequilitrium.

The thearem follows by a nice potential function argument:

X e
(s) = “e(i)

e2E i=1
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De nition and Classi cation
Relationship to Potential Games

Congestion and Crowding Games

Relationship to Wardrop's trac model

Rosenthal'gpotential function
y{( X’\\i

(s) 1,2,8 ()

23,5 4,6,7

Sl
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De nition and Classi cation
Relationship to Potential Games

Congestion and Crowding Games

Relationship to Wardrop's trac model

Rosenthal'gpotential function
y X\i
(s) \ 1,2,8
2:3,5 4,6,7

Sei
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De nition and Classi cation
Relationship to Potential Games

Congestion and Crowding Games

Relationship to Wardrop's trac model

Rosenthal'gpotential function

L

2,3,6
4,6,7
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De nition and Classi cation
Relationship to Potential Games

Congestion and Crowding Games

Relationship to Wardrop's trac model

Rosenthal'gpotential function
y Xi

(s) 1,2,8 ()

23,5 4,6,7

SoiZ
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De nition and Classi cation

Congestion and Crowding Games Relationship to Potential Games

Relationship to Wardrop's trac model

Complexiy issues:

I Potential function directly impliesa pseudoplynomial
algaithm for congestiongames.

I Thereis a polynomialtime algaithm for computing pure
equilitria in symmetricnetwork congestiongames.

I Computingpure equilitria for mare generalvariants is
PLS-complete.

[Fakrikant, Papadimitriou, Talwar 2004]
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

PLS (PolynomialLocal Seach)

Problems in PLS:
I optimization problem  with neightorhood
I for everysolutions, (' s) denotesneighlorhood of s
I neibhahood can be , evaluatedin polynomialtime\
I objective: nd local optimum wrt

PLS reductions:
I Giventwo PLS problems 1 and , nd
I poly-time mappingof an instanceof 1 to aninstanceof
I suchthat local optima are preserved.
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" . De nition and Classi cation
Congestion and Crowding Games Relationship to Potential Games

Relationship to Wardrop's trac model

NAE-SA (Not-All-Equal-SA)

positite literals, eachof which havinga weight w;

I Objective: Maximizethe weightednumber of clausesn
which not all literals havethe samevalue

I Neibhorhood: Flips of singlevariables.
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" . De nition and Classi cation
Congestion and Crowding Games Relationship to Potential Games

Relationship to Wardrop's trac model

NAE-SA (Not-All-Equal-SA)

positite literals, eachof which havinga weight w;

I Objective: Maximizethe weightednumber of clausesn
which not all literals havethe samevalue

I Neibhorhood: Flips of singlevariables.

Theorem: NAE-SAl is PLS-complete.
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Hardnessof computingequililria

Theorem: Finding a Nashequilikrium in a generalcongestion
gameis PLS-complete.
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Hardnessof computingequililria

Theorem: Finding a Nashequilikrium in a generalcongestion
gameis PLS-complete.

Proof idea: Reductionfrom NAE-SAT.
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Hardnessof computingequililria

Theorem: Finding a Nashequilikrium in a generalcongestion
gameis PLS-complete.

Proof idea: Reductionfrom NAE-SAT.
I Agentscaresmpnd to variables.
I For eachclausec; spent two resources (0) and g(1).
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Hardnessof computingequililria

Theorem: Finding a Nashequilikrium in a generalcongestion
gameis PLS-complete.

Proof idea: Reductionfrom NAE-SAT.
I Agentscaresmpnd to variables.
I For eachclausec; spent two resources (0) and g(1).
I All latencyfunctionsare of the form (0O; O; w;).
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De nition and Classi cation

Congestion and Crowding Games Relationship to Potential Games

Relationship to Wardrop's trac model

Hardnessof computingequililria

Theorem: Finding a Nashequilikrium in a generalcongestion
gameis PLS-complete.

Proof idea: Reductionfrom NAE-SAT.
I Agentscaresmpnd to variables.
I For eachclausec; spent two resources (0) and g(1).
I All latencyfunctionsare of the form (0O; O; w;).

I An agentwhosevariable is containedin ¢; usesg (0) if the
variable hasvalueO, otherwisee; (1).
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Hardnessof computingequililria

Theorem: Finding a Nashequilikrium in a generalcongestion
gameis PLS-complete.

Proof idea: Reductionfrom NAE-SAT.
I Agentscaresmpnd to variables.
I For eachclausec; spent two resources (0) and g(1).
I All latencyfunctionsare of the form (0O; O; w;).

I An agentwhosevariable is containedin ¢; usesg (0) if the
variable hasvalueO, otherwisee; (1).
This is a one-to-onemappingbetweenthe solution spaces.
Agentimprovesits latency, agentimprovesNAE value.
Thus, Nashequililrium = local optimum of NAE. O
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Someopen problems

I Find an e cient algaithm for computinga
(1 + )-appoximate equililrium, i.e., no agentcanimprove its
latencyby a factor of more than (1 + ).
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" . De nition and Classi cation
Congestion and Crowding Games Relationship to Potential Games

Relationship to Wardrop's trac model

Someopen problems

I Find an e cient algaithm for computinga
(1 + )-appoximate equililrium, i.e., no agentcanimprove its
latencyby a factor of more than (1 + ).

I Shaw existenceof a polynomiallength local improvementpath
leadingto a (1 + )-approximate equilitrium.
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De nition and Classi cation
Relationship to Potential Games
Relationship to Wardrop's trac model

Congestion and Crowding Games

Someopen problems

I Find an e cient algaithm for computinga
(1 + )-appoximate equililrium, i.e., no agentcanimprove its
latencyby a factor of more than (1 + ).

I Shaw existenceof a polynomiallength local improvementpath
leadingto a (1 + )-approximate equilitrium.

I Find a simple(randomized)processthat quickly convergego
a(1+ )-approximate equilitrium.

Berthold Vecking Selsh Routing and Congestion Games



De nition and Classi cation

Congestion and Crowding Games Relationship to Potential Games

Relationship to Wardrop's trac model

Relationshigo Wardrop'strac model

I Wardrop'strac modelis a continuousvariant of a network
congestiongame.

I Samekind of potential function

X 2t
(f) = e(s)ds

ensuresexistenceand essentialuniquenes®f equililria via
convexprogramming.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Critical thoughts

I We studiedlarge networks usinggametheary.
I Our resultsare mainly concernedwith propertiesof equilitria.

I Theseequililria are basedon fundamentalgamethearetic
assumptiondike unboundedrationality and full knowledge

Both of theseassumptionscannot be justi ed whenconsidering
large networks like the Internet.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Evolutionay gametheay

I Supposea symmetrictwo player gameis played by a large
population.

I Dierent playersare pairedup at randomoverand overagain.

I Exampledor di erent behavioal models:

I Success-drivenAt a xed rate eachplayer selectsanother
player at random,and switchesto other player's strategy with
probability proportional to other player's payo .

I Disapmintment-driven: The smallerthe payo of a player, the
faster sheswitchesto the strategy of anotherrandomly
selectedplayer. W.l.0.g., the rate at which players migrate
decrease$inea in their payo .
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Evolutionary Game Theory

Stability of Symmetric Routing Games
Stability of Asymmetric Routing Games
Time of Convergence

On the Evolution of Sel sh Routing

The replicats dynamics

We model the dynamicsof the populationvecta x(t) in a
so-called uid limit model

Both suggestedehavaeial models(and others) leadto the
samekind of dynamics!

x= () x (Ax)i x AX)
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Evolutionary Game Theory

On the Evolution of Sel sh Routing

Example:Paper-Scissis-Stone
2

>
1l
SN
N O
oOrN
=N O
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Example:Paper-Scissis-Stone
2

>
1l
SN
N O
oOrN
N O

Stone

Paper cissor
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Example:Paper-Scissis-Stone
2
120
A=40 1 2
2 01
R | Whereis the Nash

equilirium? What
shouldone expect?

Paper cissor
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Example:Paper-Scissis-Stone

2 3
120
A=401 25
2 01
R | Whereis the Nash
equilirium? What
shouldone expect?
I Stableorbit for the
standad case
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Evolutionary Game Theory

Stability of Symmetric Routing Games
Stability of Asymmetric Routing Games
Time of Convergence

Example:Paper-Scissis-Stone

On the Evolution of Sel sh Routing

2 3
1 2+ 0

A=4 0 1 2+ S
2+ 0 1
I Whereis the Nash
equilirium? What
shouldone expect?

I Stableorbit for the
standad case

I Convergentfor > 0

Stone

Paper

Scissor
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Example:Paper-Scissis-Stone

2 0
1 2 5
0 1
I Whereis the Nash
equilirium? What
shouldone expect?
I Stableorbit for the
standad case

I Convergentfor > 0

| Divergentfor < 0

cissor
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

The replicats dynamics

X=X

(X)(( Ax{-k X Ax;

=1 0i(x)

Desirableproperties:
I payo monotonicity: (Ax); > (AX); , Gi(X) > gi(x)
I aggregatemonotonicit: y AX> z Ax , y g(X) > z g(x)

Any aggregatemonotone dynamicscan be representedin form of
the replicata dynamics!
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

The replicats dynamics

X=X

(X)(( Ax{-k X Ax;

=1 0i(x)

Further observations:
I Replicatw dynamicsdo not discoverinitially unusedstrategies.

I A strategythat is initially in the support will neverdie out
completely

In the following, we assumethat all strategiesare in the initial sup-
port and, hence,belongto the support at any time.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Evolutionay stability

De nition (evolutionay stable)
A strategyx is evolutionay stableif for any other strategyy 6 x
there existsan > 0 suchthat forw= y+ (1 )xit holds

XAW > yAw
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Evolutionay stability

De nition (evolutionay stable)
A strategyx is evolutionay stableif for any other strategyy 6 x
there existsan > 0 suchthat forw= y+ (1 )xit holds

XAW > yAw
Proposition
A strategyx is evolutionay stableif there exists > 0 suchthat
for everyy with jjy  xjj it holds

XAw > yAw :
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Theaem (Taylor and Jonker, 1987)

Evolutionay stability impliesasymptoticstability in the local sense,
that is, starting closeat a Nashequilitrium, the replicatia
dynamicsconvergegowards the Nashequilitrium.

Proof by Luapunovmethad.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Sel shrouting and evolutionay gametheay

Single commodity o w { symmetric games:
| Everystrategycarespondsto a pathp 2 P
I Payo carespndsto negativelatency p(X)
I Averagelatencyis denotedby " (x)
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Sel shrouting and evolutionay gametheay

Single commodity o w { symmetric games:
| Everystrategycarespondsto a pathp 2 P
I Payo carespndsto negativelatency p(X)
I Averagelatencyis denotedby " (x)

Behavioral model: Supposeagentschangetheir strategyat a rate
proportional to their latency and adopt the strategy of another
randomlyselectdplayer.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Sel shrouting and evolutionay gametheay

Single commodity o w { symmetric games:
| Everystrategycarespondsto a pathp 2 P
I Payo carespndsto negativelatency p(X)
I Averagelatencyis denotedby " (x)

Behavioral model: Supposeagentschangetheir strategyat a rate
proportional to their latency and adopt the strategy of another
randomlyselectdplayer.

This resultsin the following network dynamics:

= () % () p):
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Let us assumestrictly increasinglatencyfunctions.
Then thereis a unique Wardrop equilitrium x .

Lemma
For everyy 6 x , it holdsx “(y) <y (y).

Caollay
The Wardrop equilitrium is evolutionay stable.

Berthold Vecking Selsh Routing and Congestion Games



Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof of Lemma:

I In a Wardrop equilitrium x, all latenciesof usedpaths are
equal,implyingx “(x) 'y "(x) and, hence,

y (y) y W+x (¥ y (¥
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof of Lemma:

I In a Wardrop equilitrium x, all latenciesof usedpaths are
equal,implyingx “(x) 'y "(x) and, hence,

y (y) y W+x (¥ y (¥
= x (+y () )
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof of Lemma:

I In a Wardrop equilitrium x, all latenciesof usedpaths are
equal,implyingx “(x) 'y "(x) and, hence,

y (y) y W+x (¥ y (¥
X ‘(x)+g( Cly)y ")

X )+ Ye(Cely) “e(X):
e2E
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof of Lemma:

I In a Wardrop equilitrium x, all latenciesof usedpaths are
equal,implyingx “(x) 'y "(x) and, hence,

y (y) y W+x (¥ y (¥
X ‘(x)+g( Cly)y ")

X )+ Ye(Cely) “e(X):
e2E

I For eachedgee Ye(“e(y) e(X)) Xe(e(y) “e(X)), at
leastoncewith strict inequalit.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof of Lemma:

I In a Wardrop equilitrium x, all latenciesof usedpaths are
equal,implyingx “(x) 'y "(x) and, hence,

y (y) y W+x (¥ y (¥
X ‘(x)+g( Cly)y ")

X )+ Ye(Cely) “e(X):
e2E

I For eachedgee Ye(“e(y) e(X)) Xe(e(y) “e(X)), at
leastoncewith strict inequalit.

X
I Thus,y (y) > x "(X)+  Xe(ely) “e(¥))=x “(y): O
e2E
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

The lemmaimpliesasymptoticalstability in the global sense.

Theaem
The networks dynamicsconvergeto the Wardrop equilitrium x
starting from any point of the interior of the simplex.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethad
I As Luapunovfunction userelative entropy

X X.
Hx (y) = Xi Iny_l
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethad

I As Luapunovfunction userelative entropy

X :
Hx (y) = Xi Inx_l
i Yi

I Entropy is continuousand di erentiable.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethad

I As Luapunovfunction userelative entropy

X X.

Hy (y) == X In—
i Yi

I Entropy is continuousand di erentiable.

I Hy (x )= 0andHy (y) > O,forally 6 x .
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethad

I As Luapunovfunction userelative entropy

X X.

Hx (y) = X In—-
i Yi

I Entropy is continuousand di erentiable.
I Hy (x )= 0andHy (y) >PO, forally 6 x .

I Derivativeis Hy (y) = x; L

i Xy
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethad

I As Luapunovfunction userelative entropy

X X.
Hx (y) = X In—-
i Yi
I Entropy is continuousand di erentiable.
I Hy (x )= 0andHy (y) >P0,forally6x.
I Derivativeis Hy (y) = i X %
I Substituting the replicata dynamicsyieldsthe continuous

functionHyx (y) = (y) (X y) ().

Berthold Vecking Selsh Routing and Congestion Games



Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Proof by Luapunovmethad

I As Luapunovfunction userelative entropy

X X.
Hx (y) := X In—-
i Yi
I Entropy is continuousand di erentiable.
I Hy (x )= 0andHy (y) >PO, forally 6 x .
I Derivativeis Hy (y) = i X %
I Substituting the replicata dynamicsyieldsthe continuous
functionHy (y) = (y) (x y) ().

I Our lemmashaws that this term is negative. O
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Multicommo dity Flow { Asymmetric Games

Recall:P = P1[P o[ [P «

De nition (AsymmetricNetwork dynamics)
Forp2 Pj,setx, = i(X) X (Ci(X) “p(X)).
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Multicommo dity Flow { Asymmetric Games

Recall:P = P1[P o[ [P «

De nition (AsymmetricNetwork dynamics)
Forp2 Pj,setx, = i(X) X (Ci(X) “p(X)).

Entropy argumentworks only if we assumethat the dynamicsfor
all commdlities behavein exactlythe sameway, that is, if the
leading -factors are identicalfor all commadlities.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Multicommo dity Flow { Asymmetric Games

Recall:P = P1[P o[ [P «

De nition (AsymmetricNetwork dynamics)
Forp2 Pj,setx, = i(X) X (Ci(X) “p(X)).

Entropy argumentworks only if we assumethat the dynamicsfor
all commdlities behavein exactlythe sameway, that is, if the
leading -factors are identicalfor all commadlities.

However,thereis a Luapunovfunction that yieldsconvergencelso
for heterogenousnix of dynamics.
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Luapunovmethad basedon Rosenthalgotential function

Z,.

X
( x):= “e(s) ds
e2E O
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Luapunovmethad basedon Rosenthalgotential function

X ZXe l
( x):= “e(s) ds

e2E O

I Calculatederivativeand plug in replicata dynamics:
0 1

X X
=T @7 T 02
i p2P;
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Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Luapunovmethad basedon Rosenthalgotential function

X ZXe l
( x):= “e(s) ds

e2E O

I Calculatederivativeand plug in replicata dynamics:
0 1

X X
=T @7 T 02
i p2P;

I This derivativeis negativebecauseof Jensen'snequalil,
unlessx satis es the Wardrop equilitrium property. O
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On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Analyzingthe time of convergence

Supposeeveryplayer relatesits latencyto the averageatency
within eachcommality, and switchesher strategyat a rate
proportional to the ratio betweenher own latency and the average
latency
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On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Analyzingthe time of convergence

Supposeeveryplayer relatesits latencyto the averageatency
within eachcommality, and switchesher strategyat a rate
proportional to the ratio betweenher own latency and the average
latency

This givesthe following variant of the network dynamics.

i ()

Xp = X
Xp p N
i(X)
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On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Analyzingthe time of convergence

Supposeeveryplayer relatesits latencyto the averageatency
within eachcommality, and switchesher strategyat a rate
proportional to the ratio betweenher own latency and the average
latency

This givesthe following variant of the network dynamics.

i ()

Xp = X
Xp p N
i(X)

How long doesit take to comecloseto equilitrium?
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Approximate equilibvia

I Needto de ne right notion of \approximate equilikrium”.
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Time of Convergence

Approximate equilibvia

I Needto de ne right notion of \approximate equilikrium”.

I Euclidiandistancenot suitablehereasvery poor strategies,
i.e., very slov paths, will neverdie out completely
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On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Approximate equilibvia

I Needto de ne right notion of \approximate equilikrium”.

I Euclidiandistancenot suitablehereasvery poor strategies,
i.e., very slov paths, will neverdie out completely

De nition (relaxed(1 + )-equilitrium)
A network gameis in a relaxed(1 + )-equilibrium if lessthan an
-fraction of the ow usespathswith latencylargerthan (1+ ) .
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On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Boundson the time of convergence

Starting from any point of the simplexthe network dynamics
reachesa relaxed(1 + )-equilibrium in time

I O( 2 InCmax=")), for symmetricgameson generalnetworks

Berthold Vecking Selsh Routing and Congestion Games



Evolutionary Game Theory
Stability of Symmetric Routing Games

On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Boundson the time of convergence

Starting from any point of the simplexthe network dynamics
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On the Evolution of Sel sh Routing Stability of Asymmetric Routing Games
Time of Convergence

Boundson the time of convergence

Starting from any point of the simplexthe network dynamics
reachesa relaxed(1 + )-equilibrium in time

I O( 2 InCmax=")), for symmetricgameson generalnetworks
I O( 2 “max= ), for asymmetricgameson generalnetworks

Thereis a symmetricgameon parallel links in which the time to
reachann -equiliiumis (2 In(max=")).
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Summary

Summay

I di erent modelsfor sel sh routing
I Wardrop's continuoustra ¢ model
I discreteservergame
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| congestiongames
I local improvementstepsleadto pure Nashequilitria
I symmetricnetwork gamessolvablevia min-cost ow
I other variants are PLS-complete
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Summary

Summay

I di erent modelsfor sel sh routing
I Wardrop's continuoustra ¢ model
I discreteservergame
I price of anachy
I almostindependentof the network structure
I heaviliydependingon the classof latencyfunctions
| congestiongames
I local improvementstepsleadto pure Nashequilitria
I symmetricnetwork gamessolvablevia min-cost ow
I other variants are PLS-complete
I evolutionay games
I adaptionto sel sh routing (joint work with Simon Fischer)
I evolutionay stability impliesasymptotic stability
I veryfast convergencén caseof symmetricgames
1 fast convergencdor asymmetricgames
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Summary

Thanks...
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